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In recent papers on Randall- Sundrum D-braneworld model with Z2 symmetry, it was shown that 
the effective gravity does not work as usual, that is, the gravity does not couple to the gauge 
field localised on the brane in a usual way. At first glance there are two possibilities to avoid this 
serious problem. One is to remove the Z2 symmetry and another is to consider a non-BPS state. 
In this paper we analyze the Randall-Sundrum D-braneworld model without Z2 symmetry by long 
wave approximation. The result is unexpected one, that is, the gauge field does not couple to the 
gravity on the brane in the leading order again. Therefore the remaining possibility to recover the 
conventional gravitational theory would be non-BPS cases. 



PACS numbers: 98.80.Cq 04.50.+h 11.25.Wx 



I. INTRODUCTION 

New cosmological model, brane world, based on non- 
perturvative aspect of string theory has been proposed 
few years ago 0. The simplest model is Randall- 
Sundrum (RS) model with warped compactification 0, 
So far it has been analysed intensely in cosmological 
context because the self-gravity must be treated seriously 
and carefully. As a consequence, the RS model and its 
extensions are basically able to reproduce the standard 
cosmology. However, it is important to remember that 
the braneworld was inspired by the D-brane, which has 
many interesting characteristics which the RS model does 
not have. Therefore we want to ask whether a more real- 
istic braneworld model based on D-brane works as well. 
Recently this issue was initiated in Ref. in which 
Born-Infeld action, bulk gauge fields and D-brane charge 
were appropriately taking into account using the type IIB 
supergravity compactified on . See Refs. |E S S 
for other issues based on D-brane. 

A more tractable toy model has been investigated in 
0,0,^. There, the brane tension is assumed to equal 
to the brane charge and Z2 symmetry is imposed. Conse- 
quently, the gravity does not couple to the gauge fields at 
large distances although the gauge field is supposed to lo- 
calised on the brane. This is a serious problem if we want 
to use D-branes in a cosmological model. A possible solu- 
tion to this problem was discussed in Ref. [ij assuming 
a non-BPS state, that is, a brane with a charge different 
from the tension. As a result it was shown that the gauge 
field may couple to the gravity and the gravitational con- 
stant is proportional to the cosmological constant on the 
brane. 

In this paper, we address another case, which has two 
D-branes and does not have Z2 symmetry (See Ref. |l3| 
for asymmetric braneworld model). It would be possi- 
ble that the Z2 symmetry induces the irregular behavior 
obtained in Refs. J,, 9, 10, 11] . Therefore we want to 
make clear the importance/unimportance of Z2 symme- 
try. Surprisingly our conclusion obtained in the above 



papers is unchanged if the two form potentials for three 
form fields are continuous at the branes. To discuss this 
issue, we will employ the gradient expansion method |14| . 
Recently it has been checked that such a method can give 
us the same result as that obtained by the linear pertur- 
bation at large distances pl| . 

The rest of this paper is organised as follows. In Sec. 
II, we describe the tractable toy model for D-branes. In 
Sec. Ill, we write down the field equations and the junc- 
tion conditions. Then we solve the field equations under 
the junction conditions using the gradient expansion and 
derive the effective gravitational equation on the brane. 
In Sec. IV, we will give summary and discussion. In the 
appendix A, we sketch the conclusion obtained from the 
continuity of the two form field potentials. 



II. MODEL 

We consider the asymmetric Randall-Sundrum two 
brane model in type IIB supergravity compactified on . 
The brane is described by Born-Infeld and Chern-Simons 
actions. So we begin with the following action(For exam- 
ple see Refs. HUliSlnllii.) 
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where Hmnk = 2^[mBnk]i Fmnk = 2d[MCNK], 
GKiKiKaKiK^ = 41 -Dx^i^gX^Kj] , F = F + xH and 
G = G + C AH. M, TV, is: = 0,1,2,3,4. Bmn and Ca/at 
are 2-form fields, and DkiK^k^Ka is a 4-form field, x 
is a scalar field. Qmn is the metric of five dimensional 
spacetime. 
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•^brane given by Born-Infeld action 
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where h^i, and q^jtv are the induced metric on the D±- 
brane and 



'p(±) = r(±) , -l/2p(±) 



(4) 



Fpj/ is the J7(l) gauge field on the brane. Here /i, = 
0, 1, 2, 3 and icr are D-|--brane tension. Hereafter u > 
and then D_-brane has the negative tension. 



S'pg^ is Chern-Simons action 
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Here the brane charges are set equal to the brane ten- 
sions. Therefore, our model contains BPS state of D- 
branes. 



III. BASIC EQUATIONS 

In this section we write down the basic equations 
and boundary conditions. Let us perform (1+4)- 
decomposition along extra dimension 

ds^ = QMNdx^dx^ = e^'^^^'Uy^ + gi,4y,x)dx^dx'' , (7) 

where y is the coordinate orthogonal to the brane. Z)+- 
brane and i?_-brane are supposed to locate aty = ?/^+^ = 
and y = = yo. 

The spacelike "evolutional" equations to the y- 
direction are 



(8) 
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(9) 



dlx + il'x + e^^a.x - ^^Hy^fsPy'^'' = 0, (10) 



+ \Fyo.0Gy^^^^ = 0, (11) 



- iHy^ffGy^^^-- = 0, (12) 



(13) 



where X^f^" := Ryi^'' +xFy'^" and the energy-momentum 
tensor is 
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JsT^^ is the extrinsic curvature, Kf^„ = \e '^dyg^^. Kf^ 
and (^^.R(^ are the traceless parts of and ^'^^Rl^, respec- 
tively. Here is the covariant derivative with respect 
to gij,^,. 

The constraints on y = const, hypersurfaces are 



K^^'^Tyye-'t (15) 



(16) 



£)„(e^X^«'') + -e^F,,„,„3G^«i«^«3M = q, (17) 

D 



Da(e*F«"^) - -e'^ifa.^.coG^"'"'"^*'' = 0, (18) 



I)"(e-^G,„^,^2M3)=0. (19) 
The junction conditions at the brane located y = y^^^ 



are 



+ 0(T2J (20) 

{Hy^,{y^^\x)}- = 2K^ae'l'J^lt\ (21) 

{F,^.(2/(±),a;)}- = AcVe^e^.„^:r(±)«/5, (22) 

{Gj,^.a/3(2/^^\ar)}- = 2KVe'^e^,„;3, (23) 

{a,x(y(±),x)}- = ^^ae^e^''"^.F(^)j-(J\ (24) 
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where for any tensor field Q, {Q}~ is defined as {Q}~ = 
Qr ~ Ql ■ Subscripts R and L denote the quantity eval- 
uated on the right and the left side of the brane, 
respectively. In the above 

From the junction condition for x, we can omit the con- 
tribution of X to the gravitational equation on the brane 
in the approximations which we will employ. Moreover, 
we omit the quadratic term in Eq. (|20|l . 



The y = y* hypersurface is identified with the y = 
hypersurface. 

The junction condition for the extrinsic curvature are 



(0) (") / 1 1 \ K- 

K^f^u - K^t.^= - ^ + ^ V = -^o-^P'- (32) 



and 



^2 / (0) (0) \ 



IV. EFFECTIVE THEORY 

In this section, we approximately solve the bulk field 
equations by long wave approximation (gradient expan- 
sion and derive the effective gravitational theory on 
the brane. 

In the case with bulk fields we must carefully use the 
geometrical projection method [isl IT^ because the pro- 
jected Weyl tensor E^y contains the leading eS'ect from 
the bulk fields. 

The bulk metric is written again as. 



(26) 



The induced metric on the brane will be denoted by 
hfxu := 5/ii/(0,x) and then 



9n!^iy,x) ^ a'^{y,x) h^y{x)+ g {y,x) + 



(27) 



where 
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Eqs. 1(221) and become 
1 1 



iR II 3 



and 



1 1 



(34) 



(35) 



2^2(7 ( + J- 1 = -_A5?' + A5°*. (36) 



The junction condition for G5 is 

{G*yQ^Q-2Q3Q4 (y^ \ '^)} — 2^ CTC'^^Qi 02^304 • (37) 



In the above 9 (0, a;) = and a(0, x) = 1. In a similar 
way, the extrinsic curvature is expanded as 



(0) 



(1) 



(2) 



(28) 



The small parameter is e = (^/-^)^ ^ 1, where L and I 
are the curvature scale on the brane and the bulk anti- 
deSitter curvature scale, respectively. 



A. Background 

Without derivation we present the background space- 
time. It is locally five dimensional anti-deSitter like 
spacetime 

ds^ = e^-^^^^dy^ ^ ^2(^^ x)hf,ydx''dx'' (29) 



where 



and 



flfl = e ^""^ for 0<y<ya = y'-^^ (30) 



a = = e 



for 2/0 < y < y* = 1 + ^ ]yo- (31) 



Since the solution are given by 



and 



^1/0102030:4 ~ Q;LflL^'^^ai"20304: 



the junction condition becomes 

{ay = 2K^cr. 



(38) 
(39) 
(40) 



Then the continuity condition for four form potential of 
G5 completely fix the value of and . To see this 
we begin with 



fiR,L _ o r\R,L 

yOi020304 y 01020304' 



(41) 



Then the potential -Dai 02 03 04 '^^'^ solved as 

-^01020304 ~ T^fl,L'^i?,,L^Oia2Q3Q!4 + '^01020304 (■^): (^2) 

where d^'^^^^^^^{x) is the constant of integration. Here it 
is natural to assume the continuity D^^^^^^^^ on branes, 
that is, 

^01020304(2/^^':^) = ^01020304 (2/^*^^)• (43) 
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Then we obtain 



and 



(44) 

and 



(45) 

where ao ^ afi\y = yo) — e ^ . The above equations 
give us 



OR 



Together with Eq. (|40|l . then, we are resulted in 

a_R = — and = - — . 
Hereafter we set RS tuning 

^R,L ^R.L 



(46) 



(47) 



(48) 



It means that the net cosmological constant on the brane 
vanishes. 



{/3m4" = 0. (55) 
Then Eqs. and lead us 

^'iV = '^l^lr.^ ■ (56) 

Finally the continuity for the potential B2 and C2 of 
and F3 determine a^i^ and (3^^^ as 
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and 



= 0. 



(57) 



(58) 



See the appendix A for the detail of the argument on 
continuity of B2 ■ 

As a consequence, we can uniquely determine iJ^^^i/ 
and F, 



yiiu 



■X 



and 
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Form fields 



C. Extrinsic curvature and effective theory 



Let us focus on ^3 and F3 fields which can contribute 
to the gravity on the brane. From first order differential 
equations for them we obtain the following second order 
differential equation 



Pj^TTR.L _ 36 24>ttR,L _ r. 



The solution is given by 



and 



ttR,L _ R,L I ^6 piR.L 

^ytiy — "■R,L'^iii' + "-RXPtiu 



(49) 



(50) 



Ml' V yafj 

= l^,."'i^R%<'i^'' - (51) 
The junction condition at y = implies 

{a^,}- = 2K^ae^T^+J (52) 

and 

{f3^ur = 0. (53) 

In the same way, the junction conditions on y = yo pro- 
vides us 



"0 '{"mJ" = 2KVe^.F(-) 



(54) 



It is now ready to derive the effective theory on the 
brane. To do so we will solve the evolutional equation of 
extrinsic curvature. The solution of the traceless part is 
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-V^dRV^dR 



(61) 

traceless 



and 



(1) 



_LL(4) w 

2a? " 



_„-167-(+)m . 

ir 



V^'V.dL - —V'^dLV.dL 



(62) 



- traceless 

where x^i>^ S'^e the constants of integration and d = ye'^ 
is the proper distance between the two D-branes, which is 
called radion. T)^ is the covariant derivative with respect 
to hfi^. The junction condition for Kj^ at y = and the 
above solution give us 



(+)M _ 



-l{lR + iL}^'^R^. 




r'+l^ + {xi;}--(63) 
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The stress tensor in right-hand side is exactly canceled 
out with that in right-hand side! Thus the gravitational 
equation becomes 



(64) 



{Xfi}^}~ can be determined by the remaining junction 
condition id y — i/q. From the junction condition, in- 
deed, we first obtain 




(65) 



- tracclcss 



where dp — dji{y = yo) and we used the fact dfj^ — 
{£i^/£]^)dj^. In the same way with the argument at y = 
brane, using of Eq. H56|l . we can show the left-hand side 
is exactly canceled with the second term in right-hand 
side. Finally Eqs. (|64() and H65() can be summarised as 



T^iiVudR - —Vf^dRVi^dR 



(66) 



tracclcss 



This is our main result. 

The equation for radion can be derived from the 
trace part of the extrinsic curvature and then 



1 



V'dR-—{VdR) 



0. 



(67) 



V. SUMMARY AND DISCUSSION 

In this paper we investigated D-braneworld model 
without Z2 symmetry and derived the effective theory on 
the D-brane. Surprisingly the gauge fields do not couple 
to the gravity on the D-brane at large distances. The 
result is basically the same as that in the previous works 

siimiiii. 

Thus, the remaining possibility to recover the con- 
ventional gravitational theory in D-braneworld would be 
non-BPS cases. In non-BPS state, a non-zero cosmo- 
logical constant appears on the brane. In the one-D- 
brane model discussed Ref. ^2|> indeed, the appearance 



of the gravitational coupling to the gauge field localised 
on the brane was confirmed using the gradient expansion 
method. Moreover it turned out that the gravitational 
constant is proportional to the cosmological constant on 
the brane. Therefore the presence of the cosmological 
constant on the branes seems to be the only solution to 
the D-braneworld model if B2 , C2 and 1^4 are continuous 
at the branes. 
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APPENDIX A: CONTINUITY FOR B2 AND C2 



The potential B2 and C2 have the following solution 



(Al) 



and 



(A2) 



where b^J'{x) and c^l^{x) are the constant of integra- 
tion. From the continuity at y = y^^-* it is easy to obtain 



eRa;^,+£Lal:,^0 



(A3) 



and 



(RP^.+iLpfl^^O. (A4) 
Together with Eqs. (|52|) and H53|) we see 



and 



- 0. 



(A5) 



(A6) 



These result are what we wanted to show. 
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